Abstract--This paper presents a novel dynamical modeling method for the magnetic actuators. The magnetic field is decomposed into orthogonal distribution functions by using continued fraction, which is equivalent to Cauer ladder network. The linearized transfer function of the magnetic force is derived by using theses distribution functions. Numerical example of electromagnet is also presented to show the effectiveness of this method.
I. INTRODUCTION
Not a little magnetic actuators employ solid materials for magnetic circuits because the actuators require the mechanical strength and the flexibility in the shapes. This yields the increase of eddy current in the core and the response lag of the actuators. Thus the dynamical modeling is important to estimate the response of the actuators. Especially for the purpose of magnetic bearings, two kinds of modeling are needed. One is for the magnetic force caused by the deviation of excitation current when the air gap is kept constant, what is called current stiffness. The other is for the magnetic force when the current is kept constant but the air-gap is varied, what is called displacement stiffness [1] . Furthermore, in case of levitated vehicle systems, more complicated analyses are required to estimate the vehicle dynamics [2] [3] [4] .
The finite element (FE) analysis and the analytical approaches are mostly used to obtain the Bode plot of the dynamic stiffness. However, the transfer function of the magnetic force, frequently used in the transient analysis, cannot be derived directly [1] [5] . On the other hand, the time domain coupled analysis of the mechanical dynamics and the dynamics of the magnetic field increases the computational cost tremendously, because the FE analysis should be repeated every time.
This paper presents a novel dynamical modeling method for the current stiffness of the electromagnets. It is based on Cauer ladder network (CLN) representation for the eddy-current fields, which is found recently. By performing several static FE analyses, distribution functions for the magnetic field are generated together with the constants of CLN. The magnetic field at arbitrary point of time is represented by the linear combination of these distribution functions whose coefficients are the current or voltage in the network. Furthermore, the magnetic force is represented by the linear combination of the currents in the ladder network. Then the transfer function for the current stiffness is derived. The numerical experiments for an electromagnet are performed to verify the proposed method.
II. CAUER LADDER NETWORK REPRESENTATION
The CLN representation of the eddy current field is a method to expand the field by the linear combination of orthogonal distribution functions, whose coefficients are the voltage and current variables of CLN. This method can be regarded as an application of the Krylov subspace method [6] . Although the mathematical explanations and proofs [7] are omitted for lack of space, the basic ideas and the procedures are presented here. This method is also derived directly from the property of CLN itself [8] , where the knowledge of Krylov subspace method is not required.
A typical eddy current field, sometimes called magneto-dynamic field [9] , is illustrated in Fig. 1 . The electromagnet with excitation winding is contained in the entire domain. Ω. The equations for eddy current field, are given by the followings, where the magnetic permeability μ and the electric conductivity σ are assumed to be linear. The alternative form of (1) is expressed by the matrix form as (4), which will be used later on. The time differential operator is substituted by jω. Some preparations are needed to explain the CLN representation properly. In order to deal with the time differential operators appearing in the remainders (7) and (9), the separation of time and space is introduced by using the linear combinations as (11) . Here, e 2n and h 2n+1 are scalar valued time function having the units V and A respectively, and the functions n 
Furthermore, the constants λ 2n and λ 2n+1 , the norms of 
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H H (13) Then the CLN representation of eddy current fields is obtained by the following procedure. Note that the matrix manipulation as (6)(8) are written down to stepwise procedure.
Step 0: Solve the static electric field E 0 satisfying (14) under the voltage boundary conditions. Step 1: Solve static magnetic field by
and set H by (15) and (16). Note that the right-hand of (15) and (16) are normalized by (12) and (13) .
(b) E0 and H1 (c) E0, H1, E2 and H3 Fig. 3 . Generation of equivalent circuit.
Fig. 4. Infinite Cauer ladder network
It is not difficult to prove that the Joule loss caused by E 0 in Ω coincide to v 2 /R 0 . Then the equivalent circuit for E 0 is constructed as shown in Fig. 3(a) . The magnetic energy correspond to H 1 can be represented L 1 i 2 /2 and its equivalent circuit is shown in Fig. 3(b) . The deviation of the magnetic field H 1 yields the electromotive force E 2 . This electromotive force yields the current σE 2 and magnetic field H 3 . Although the exact derivation is omitted, their equivalent circuit is constructed as shown in Fig. 3.(c) . The infinite CLN corresponds to infinite sequences of E 2n and H 2n+1 is shown in Fig. 4 .
Once the constants of CLN and distribution functions are obtained, there is no need to perform the finite element calculations in transient analysis. The magnetic field at arbitrary point of time is expressed by (11) . The coefficients e 2n and h 2n+1 are easily obtained by circuit equations, usually solved by existent circuit simulators.
The state equation for CLN when it is truncated finitely is derived as follows. Let the CLN is truncated to N stages, which implies that the resistor R 2N is removed from the network. The circuit laws yield the followings.
Then the state equation for CLN is given by the followings.
. diag 
III. MAGNETIC FORCE

A. Magnetic force by Maxwell's tensor
Maxwell stress tensor in eddy current field is defined by (20). It is assumed that the coordinate of this tensor lies in in the air. 2 Using (11), we obtain the following representation. 
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As illustrated in Fig. 1 , we assume that the iron piece pulled by the electromagnet is covered by a closed surface Γ S . Then the applied force to the iron piece is given by the followings. The block diagram from input coil voltage v to the magnetic force F is given by Fig. 5 . 
It is should be noted that instead of the Maxwell stress tensor, the nodal force method [10] can be used to obtain the force coefficients (22) when the magnetic field is solved by FE analysis. However, this article adopt the Maxwell tensor just because its popularity.
B. Linearized transfer function for the magnetic force
Especially for the use of magnetic levitations, the electromagnet often operated around the preset bias magnetic field as shown in Fig. 6 . The magnetic force is From (22) and (23), we obtain bias force as following.
If the exciting voltage varies, the current in CLN varies as,
Here, the current variation Δh is given by the state equation (18) 
Neglecting the second order terms of Δh and using (24), the variation of the magnetic force is obtained as 
IV. NUMERICAL RESULTS
A. Electromagnet and its CLN representation
In this chapter, all the simulations are performed by Freefem++ [11] , unless otherwise noted.
The electromagnet shown in Fig. 8(a) is analyzed. The electromagnet has a cylindrical shape with 40 mm height and 74 mm diameter. A multi-turn winding is included in the electromagnet. A disk with 10 mm thickness is set toward to the electromagnet with 1 mm air gap. The conductivity of the magnetic material is 8.0E6 S/m, and the relative permeability is 500. The FE formulation is based on 3-dimensional cylindrical coordinate. The vector potential A is the unknown variable for FE analysis. The mesh division for FE analysis is illustrated in Fig. 8(b) . The order of interpolation of the elements is four. The minimum size of an element is 0.5 mm, which corresponds to the skin depth at 112 Hz. The surface of the material is divided finely.
Firstly the distribution functions
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and the circuit constants R 2n and L 2n+1 are calculated. The distribution functions n 2 E are shown in Fig. 9(a)-(e) by the intensity. White color means positive and black means negative direction perpendicular to the cross section. Fig. 9 In order to evaluate the truncation errors of CLN, the magnetic field synthesized by linear combination (11) is compared with the results by conventional complex FE analysis. The number of stages of truncated CLN is four. The results by CLN at 1 Hz, 10 Hz and 100 Hz is shown in Fig. 10 . The results obtained by conventional analyses are shown in Fig. 11 . The errors increase as the frequency increases. However, the flux concentration on the skin of the magnetic path is clearly observed.
B. Magnetic force
Using the distribution functions derived above, the electromagnetic force is calculated. Table II is the coefficient for each current h 2n+1 appeared in (28) and Fig. 7 . It is interesting that all of the coefficients in high order are negative.
Observing the flux near the air-gap in Fig. 9 , only the DC flux in Fig. 9(f) flows vertically against the air-gap, while the other flux of high order flow parallel to the airgap. This implies that only the DC flux provides the attractive force, while the flux due to the eddy current provides the repulsive force, bringing the deterioration of the total magnetic force.
The frequency response of the magnetic force at rated DC bias current is shown in Fig. 12 . The number of stages of the CLN varies from 1 to 6. The electromagnet is driven by current source, because the electromagnet is often controlled by current controlled drivers. Conventional transient analysis is also performed by existent commercial package [12] . In the conventional analysis, small sinusoidal AC current with rated DC bias current is fed to the winding. After the quasi static state is obtained, the gains and phase lag are extracted from the time-series data. These are indicated by triangle points in Fig. 12 .
The result shows that five or more stages are required to guarantee the accuracy of the estimated force at 100 Hz. Acceptable accuracy is provided in low frequency operations. It is seen that the Bode plot of proposed method approaches to the results by conventional method as the number of stages of CLN increases. However, there is still room for the improvement of this method on the high frequency convergence.
V. CONCLUDING REMARKS
The linearized transfer function for the magnetic force was derived theoretically from the Cauer ladder network representations. Although the number of stages of CLN is increased, the simulation results show that the Bode plot of proposed method approaches to that of conventional method.
The formulation for the displacement stiffness of the electromagnet, not mentioned in this paper, will be presented in near future.
The dynamical model can be expanded to a simple nonlinear model to treat with the nonlinearity of the magnetic material by substituting the first inductor of the ladder network with nonlinear inductor [8] [13] [14] .
